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Abstract: We consider Sinai's random walk in random environment. We prove that for an interval 
of time [l,n] Sinai's walk sojourns in a small neighborhood of the point of localization for the quasi 
totality of this amount of time. Moreover the local time at the point of localization normalized by n 
, Q converges in probability to a well defined random variable of the environment. From these results we 
get applications to the favorite sites of the walk and to the maximum of the local time. 

> : 

^ ■ 1 Introduction 

' Random Walks in Random Environment (R.W.R.E.) are basic processes in random media. The one 
■ dimensional case with nearest neighbor jumps, introduced by Solomon [1975], was first studied by 
Kesten et al. [1975], Sinai [1982], Golosov [1984], Golosov [1986] and Kesten [1986] ah these works 
show the diversity of the possible behaviors of such walks depending on hypothesis assumed for the 
environment. At the end of the eighties Deheuvels and Revesz [1986] and Revesz [1989] give the first 
almost sure behavior of the R.W.R.E. in the recurrent case. Then we have to wait until the middle 
H ] of the nineties to see new results. An important part of these new results concerns the problem of 
^ • large deviations first studied by Greven and Hollander [1994] and then by Zeitouni and Gantert [1998], 
I Pisztora and Povel [1999], Zeitouni et al. [1999] and Comets et al. [2000] (see Zeitouni [2001] for a 
5h I review). In the same period using the stochastic calculus for the recurrent case Shi [1998], Hu and 
- - • Shi [1998a], Hu and Shi [1998b], Hu [2000a], Hu [2000b] and Hu and Shi [2000] follow the works of 
Schumacher [1985] and Brox [1986] to give very precise results on the random walk and its local time 
(see Shi [2001] for an introduction). Moreover recent results on the problem of aging are given in 
Dembo et al. [2001], on the moderate deviations in Comets and Popov [2003] for the recurrent case, 
and on the local time in Gantert and Shi [2002] for the transient case. In parallel to all these results 
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a continuous time model has been studied, see for example Schumacher [1985] and Brox [1986], the 
works of Tanaka [1994], Mathieu [1995], Tanaka [1997], Tanaka and Kawazu [1997], Mathieu [1998] 
and Taleb [2001]. 

Since the beginning of the eighties the delicate case of R.W.R.E. in dimension larger than 2 has 
been studied a lot. For recent reviews (before 2002) on this topics see the papers of Sznitman [1999] 
and Zeitouni [2001]. See also, Sznitman [2003], Varadhan [2003], Rassoul-Agha [2003] and Comets 
and Zeitouni [2004]. 

In this paper we are interested in Sinai's walk i.e the one dimensional random walk in random 
environment with three conditions on the random environment: two necessaries hypothesis to get 
a recurrent process (see Solomon [1975]) which is not a simple random walk and an hypothesis of 
regularity which allows us to have a good control on the fluctuations of the random environment. 

The asymptotic behavior of such walk was discovered by Sinai [1982], he showed that this process 
is sub-diffusive and that at time n it is localized in the neighborhood of a well defined point of the 
lattice. This point of localization is a random variable depending only on the random environment 
and n, its explicit limit distribution was given, independently, by Kesten [1986] and A. Golosov [1986]. 

We prove, with a probability very near one that this process is concentrated in a small neighborhood 
of the point of localization, this means that for an interval of time [l,n] Sinai's walk spends the 
quasi totality of this amount of time in the neighborhood of the point of localization. The size of 
this neighborhood ~ (log log n)^ is negligible comparing to the typical range (logn)^ of Sinai's walk. 
Extending this result to a neighborhood of arbitrary size we get that, with a strong probability, the 
size of the interval where the walk spends more than a half of its time is smaller than every positive 
strictly increasing sequence. We also prove that the local time of this random walk at the point of 
localization normalized by n converges in probability to a random variable depending only on n and 
on the random environment. This random variable is the inverse of the mean of the local time at 
the valley where the walk is trapped within a return time to the point of localization, we prove that 
the mean with respect to the environment of this mean is bounded. We generalize this result for 
neighboring points of the point of localization. All our results are "quenched" results, this means that 
we work with a fixed environment that belongs to a probability subset of the random environment 
that has a probability that goes to one as n diverges. We give some consequences on the maximum of 
the local time and the favorite sites of Sinai's walk. 

This paper is organized as follows. In section 2 we describe the model and recall Sinai's results. In 
section 3 we present our main results. In sections 4 and 5 we give the proof of these results. 

2 Description of the model and Sinai's results 
2.1 Sinai's random walk definition 

Let a = {ai,i G Z) be a sequence of i.i.d. random variables taking values in (0,1) defined on the 
probability space (Qi, J^i,Q), this sequence will be called random environment. A random walk in 
random environment (denoted R.W.R.E.) {Xn, n G N) is a sequence of random variable taking value 
in Z, defined on such that 

• for every fixed environment a, (X„,n € N) is a Markov chain with the following transition proba- 
bilities, for all > 1 and i 

(2.1) F"" [Xn = i + l\Xn-i = i] = ai, 

[Xn = i- l\Xn-l = i] = l-ai = (3i. 
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We denote (02,^2,1?'") the probability space associated to this Markov chain. 

• J7 = J^i X J^2, VAi G and MA^ e J^2, P [^i x A2] = J^^ Q{dwi) J^^ P"("'i)(dw;2). 

The probabihty measure [.| = a] will be denoted P" [.], the expectation associated to P^: E^, 
and the expectation associated to Q: Kg. 

Now we introduce the hypothesis we will use in all this work. The two following hypothesis are the 
necessaries hypothesis 

(2.2) Eq 



log- 



1 — a.r 



ao 



0, 



(2.3) Varg 

Solomon [1975] shows that under 2.2 the process {Xn,n € N) is P almost surely recurrent and 2.3 
implies that the model is not reduced to the simple random walk. In addition to 2.2 and 2.3 we will 
consider the following hypothesis of regularity, there exists < 770 < 1/2 such that 

(2.4) sup{x, Q [ao > x] = 1} = sup{x, Q [ao < 1 - x] = 1} > r/o- 

We call Sinai's random walk the random walk in random environment previously defined with the 
three hypothesis 2.2, 2.3 and 2.4. 



log 



1 - ap 
ao 



= a^>0. 



2.2 The random potential and the valleys 

Let 

I — a- 

(2.5) ei = \og ieZ, 

define : 

Definition 2.1. The random potential {Sm, m € associated to the random environment a is 
defined in the following way: for all k and j, if k > j 



I ~Z^j<j<-l^i' = 0, 

5o = 0, 



and symmetrically k < j. 



Remark 2.2. using Definition 2.1 we have : 

however, if we use 2.6 for the definition of {S^, k), eo does not appear in this definition and moreover 
it is not clear, when j <0 < k, what the difference Sk — Sj means (see figure 1). 
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Figure 1: Trajectory of the random potential 



Definition 2.3. We will say that the triplet {M',m,M"} is a valley if 

(2.7) Sm' = max St, 

M'<t<m 

(2.8) Sm" = max_ St, 

m<t<M" 

(2.9) S„ = min St . 

^ ' M'<t<M" 

If m is not unique we choose the one with the smallest absolute value. 

Definition 2.4. We will call depth of the valley {M',m,M"} and we will denote it d{{M',M"]) the 
quantity 

(2.10) min(S'M' - S^, Sm" - Sm)- 
Now we define the operation of refinement 

Definition 2.5. Let {M', m, M"} be a valley and let Mi and mi be such that m < Mi < mi < M" 
and 

(2.11) SM,~Sm,= ra^yi {St> - St'>). 

m<t'<t"<M" 

Wc say that the couple (mi, Mi) is obtained by a right refinement of {M' ,m, M"}. If the couple 
(mi, Ml) is not unique, we will take the one such that mi and Mi have the smallest absolute value. 
In a similar way we define the left refinement operation. 

We denote log^ with p > 2 the p iterated logarithm. In all this work we will suppose that n is large 
enough such that log^ n is positive. 

Definition 2.6. For 7 > 0, n > 3 and r„ = log n+7 log2 n, we say that a valley {M', m, M"} contains 
and is of depth larger than r„ if and only if 

LOG [M',M"], 

2. d([M',M"])>r„ , 

3. if m < 0, Sm" - maxTO<t<o {St) > 7log2 n ^ 
if m > 0, Sm' - maxo<t<TO (St) > 7log2 « • 

7 is a free parameter. 
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{Sk,k) 




Figure 2: Depth of a valley and refinement operation 



2.3 The basic valley {M/, m„, M„} 

We recall the notion of basic valley introduced by Sinai and denoted here {Mj ,mn, Mn}. The 
definition we give is inspired by the work of Kcstcn [1986]. First let {M',m„,M"} be the smallest 
valley that contains and of depth larger than r„. Here smallest means that if we construct, with 
the operation of refinement, other valleys in {M',m„,M"} such valleys will not satisfy one of the 
properties of Definition 2.6. Mj and M„ are defined from m„ in the following way: if rUn > 

(2.12) M„' = sup i / G Z_, l< rrin, Si - Sm„ > r„, Si - max Sk > 7log2 n \ , 

0<k<mn ) 

(2.13) Mn = inf {/ G Z+, l> rUn, Si - Sm,, > r„} . 
if rrin < 

(2.14) M„' = sup {/ e Z_, Z < m„. Si - Sm„ > r„} , 



(2.15) M„ = inf Z e Z+, I > m^, Si - Sm„ > Fn, Si - max Sk > 7log2 n 

mn<k<0 

if rUn = 

(2.16) M„' = sup{Z G Z_, Z < 0, Si - Sm„ > F„} , 

(2.17) M„ = inf {I G Z+, Z > 0, Si - > F„} . 

{Mj ,mn, Mn} exists with a Q probability as close to one as we need. In fact it is not difficult to 
prove the following lemma (see Section 5.2 for the ideas of the proof) 

Lemma 2.7. There exists c > such that if 2.2, 2.3 and 2.4 hold, for all 'j > there exists no = 
no (7, Q) such that for all n > no 

(2.18) Q [{M„',m„,M4 ^ 0] > 1 - ^ll^. 

'- ■' log n 

In all this paper we use the same notation no for an integer that could change from line to line. 
Moreover in the rest of the paper we do not always make explicit the dependence on the free parameter 
7 and on the distribution Q of all those no even if Lemma 2.7 is constantly used. 
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2.4 Localization phenomena (Sinai [1982]) 

Theorem 2.8. Assume 2.2, 2.3 and 2.4 hold. For all j > 6, e > and S > there exists no such 
that for all n > no, there exists Gn C ili with Q [G„] > 1 — e such that 



(2.19) 



lim sup \\Xn - mJ > S(lognf] = 



This result shows that with a Q and probability as close to 1 as we want, at time n the R.W.R.E. is 
localized in a small neighborhood of m„. The parameter 7 comes from the definition of m„ = m„(7). 
Y. Sinai shows also, with a probability close to one, that for a given time interval [0, n], the R.W.R.E. 
is trapped in the basic valley and therefore is sub-diffusive. In fact if we define 



(2.20) 
we have 



Wn = {Mj, M„' + 1, • • • , m„, • • • , M„ - 1, Mn} 



Proposition 2.9. Assume 2.2, 2.3 and 2.4 hold. For all j > 6, e > there exists E = E{e) and no 
such that for all n > no, there exists Gn C Oi with Q [Gn] > 1 — e such that 



(2.21) 



moreover 



lim inf ] 

aeGn 



n {Xm e Wn} 



.m=0 



(2.22) 



lim inf 

aeG„ 



fl {X^G [-Eia'Hognf,E{a-hognf]} 



.m=0 



See for example Zeitouni [2001] or Andreoletti [2004a] for alternative proofs of these results. 

3 Main results: concentration phenomena 

Let us define the local time ed, k (k e Z) within the interval of time [1, T] (T G N*) of (X„, n G N) 



(3.1) 



Cik,T) = ^I{x^=k}- 



i=l 



6 



I is the indicator function (fc and T can be deterministic or random variables). Let F C Z, we denote 



(3.2) /: (y, T) = ^ £ (j, T) = Y,Y. h^^=3y 

j&v 1=1 jev 

3.1 Local time in a neighborhood of m„ 

Let us define the following sequences, let p > 2 and n large enough, define : : 

(3.3) fpin) = [(log2 n logp n)^] ([— ] is the integer part of — ), 

(3.4) Rj,{n) = (logp+i n) V2(iog^ n)-^^. 

For all n > 1 define the set : 

(3.5) ¥p{n) = {nin - fp{n),mn - fp{n) + 1, • • • ,mn,mn + 1, • • • , + fp{n)}. 

Theorem 3.1. There exists c > such that if 2.2, 2.3 and 2.4 hold, for all p > 2, < p < 2 and 

7 > 11, there exists c\ = ci{Q,^) > and uq such that for all n > uq there exists G'^ C Q,i with 
Q [G'n] > 1 - cRp{n) and 



(3.6) inf 



n 



Cl 

> 1- 



(/p(n))^/VJj - (/p(n))i-^/2- 



Remark 3.2. The set G!^ called the set of good environments will be defined in section 4.1. 

In fact no and ci depends only on Q through = log[(l - %)/(%)], <3 [eo > -^)?o/2], Q [eo < 

a and EQ[|eop], however to simplify the writing we do not make it explicit. In all this work we denote 

c a strictly positive numerical constant that can grow from line to line if needed. 

If we choose p = 2m Theorem 3.1 we get better rates for the convergence of the probabilities, however 

using 3.5 we get that |Fp(n)| = (Iog2 n)^ (|^| denotes the cardinal of yl C Z), whereas for p > 2, 

|Fp(n)| = (log2 n)^(logp n)^. Recall that 7 comes from the definition of the point rtin = m„(7), the 

condition 7 > 11 will become clear in Section 4.3 when wc will prove this theorem. 

In addition to Y. Sinai's results on localization, with a P" and Q probability very near one, in a 
time interval [0, n] the R.W.R.E. does not spend a finite proportion of this time interval outside 
Fp(n). In fact the time spend outside Fp(n) does not exceed n/(log2 nlog^n)''. Moreover, notice that 
|Fp(n)|/|W„| « (log2nlogpn)^(logn)~^ \ that is the subset Fp(n) of W„ where the R.W.R.E. stays a 
time greater than n(l — l/(log2 nlogp n)^) has no density inside Wn in the limit when n goes to infinity. 



Remark 3.3. Notice that if we look for an annealed result, that means a result in P probability, with 
the same condition of Theorem 3.1 we get 



(3.7) 



Ci¥p{n),n) 



> 1 



n 



1 



{fp{n)y/y\ 



> 1 



Cl 



By definition £, (Fp(n), n) < 1, therefore we also have 



(3.8) 



£(Fp(n),n) ^ 



n 



< 



{fpin))^-"'^ 



Cl 



cRp{n). 
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To prove this theorem we will prove the following key result on the environment, define 

.3_9^ J. ^ r mf{fe eW, Xk = x} 

^ \ +00, if such k does not exist. 

Proposition 3.4. There exists c > such that if 2.2, 2.3 and 2.4 hold, for all p>2 there exists uq 
such that for all n > uq 



(3.10) 



Q 



m fp{n) + 1 



< cRp{n) 



where Fp(n) is the complementary of¥p{n) in Wn- 



This implies that with a Q probability going to one when n goes to infinity, in mean, the R.W.R.E. 
will never reach a point k G Fp(n) in a return time to m„ in spite of the that |Fp(n)|/|W„| ^ 1. The 
proof of this proposition is given Section 5.4. 

If we want to replace in Theorem 3.1 the neighborhood Fp(n) by an arbitrary small neighborhood 
(6„,n) but such that >C(0„,n)/n converge in probability to one, we get with a similar method the 
following result: 

Theorem 3.5. There exists c > such that if 2.2, 2.3 and 2.4 hold, for all < p < 1/4, all strictly 
positive increasing sequences {6{n),n > 1) and 7 > 11, there exists c\ = ci{Q,j) and uq such that for 
all n > no there exists, G'^ C ^li with Q [G^] > 1 — c{9{n))~f and 



(3.11) 



inf 



/:(e(n),n) > n 1 



1 



> 1 



Cl 



(0(n))V2-2p' 



where 6(n) = {rUn — 0{n),mn — 0{n) + 1, • • • ,m„,mn+i, • • • ,mn + 0{n)}. 

The key result on the environment for the proof of this result is the following, assume that {6{n),n) 
is a strictly positive increasing sequence. 

Proposition 3.6. Assume 2.2, 2.3 and 2.4 hold, for all < p < 1/2 there exists ci = ci{Q) and no 
such that for all n > no 



(3.12) 



Q 



E^JC{&{n),T,^J] > 



1 



(0(n))V2- 



< 



Cl 



i9{n)y 



where 0(n) is the complementary of @{n) in Wn- 

We call this facts (Theorem 3.1 and 3.5) concentration even if it could be more appropriate to define 
the concentration in term of the random variable 



(3.13) 



y„ = inf min {A; > : C{[x - k,x + k],n) > n/2} . 



In fact Theorem 3.5 implies the following result 

Theorem 3.7. There exists c > such that if 2.2, 2.3 and 2.4 hold, for all strictly positive increasing 
sequences {6{n),n), there exists c\ = ci{Q) > and no such that for all n > no there exists G'^ C r^i 
with Q [G'J > 1 - c(0(n))-V4 and 



(3.14) 



inf 



[Yn < 0{n)]} > 1 - 



(0(n))V4- 
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Notice that the annealed result is given by 

C2 



(3.15) ^[Yn<9{n)]>l 



(e(n))V4' 



with C2 = C2{Q) = C + Ci. 

It would be now interesting to study the P almost sure behavior of y„, these questions are beyond the 
scope of this paper, see Andreoletti [2004b] for a first approach. 

3.2 Local time on and on its neighboring points 



The following theorem is a result of weak law of large number type for the local time of the R.W.R.E. 
at TTin. We obtain the convergence of the local time at nin normalized by n to a Q random variable 
as Y. Sinai obtain the convergence of X„ to m„ which is also a Q random variable. 

Theorem 3.8. There exists c > such that if 2.2, 2.3 and 2.4 hold, for all j > 11, there exists 
c\ = ci(Q,7) and tiq such that for all n > tiq there exists G'^ C Jli with Q [G^] > 1 — cR2{n) and 



(3.16) 



sup 

aeG' 



£.{mn,n) 



n 



> 



< 



Cl 



(log2n)2jj (log2n) 



We can easily give an intuitive idea of this result. Prom Proposition 2.9 we know that the R.W.R.E. 
, within an interval of time [1,"^], spends all its time in the valley {M„',m„,M„} with a probability 
very near one. So, in spite of the fact that EJ^^ [^mn] = +oo Q.a.s. as it is easy to check, until the 
instant n, the mean of the return time to m„ is, heuristically, of order [>C(Wn, T^„)]. So we can 
chop the interval [l,n] in >C(m„,n) pieces of length E^^ [>C(W„, T^^)], therefore 



n « £(m„,n)E^„ [i:(W^„, T^J] ^ 



C{mn,n) 



n 



{E^J£{Wn,TmJ]) \ 



Now let us give some precisions on the random variable E^^ [>C(W„, T^^)], first for all fixed environ- 
ment we have the following explicit formula : 



Proposition 3.9. For all fixed a and n, we have 



Mn 



E^j£{Wn,TmJ] = l + 



Ei=i„+i exp(S'j - Sk) 



kt^^ «fc E7=fet\ eMSj -SmJ 

Remark 3.10. Trivially we have EJ^^ [C{Wn,Tm„)] > 1 because m„ G W„ and C{mn,Tmn) = 1. 

We see that EJ^^ [C{Wn,Tmn)] depends on the random environment in a complicated way, however 
using the hypothesis 2.4 we easily prove the following result : 

Proposition 3.11. With a Q probability equal to one, for all n we have : 

Vo 



E 



E 



1 
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So we can have a good idea of the fluctuations of [C{Wn,T^^)] only by studying the random 
variable 



(3.17) 



E 



exp(S'fc - SmJ 



The following result is a key result for the random environment : 
Proposition 3.12. There exists ci = ci{Q) > such that for alln> 1 
(3.18) 1 < Eq [E^„ [CiWn,T^J]] < Cl. 

In particular, using Markov inequality, we get that for all positive increasing sequences {9{n),n) : 

Cl 



(3.19) 



Q[E^„ [C{Wn,TmJ]>e{n)\ < 



e{n) 



Remark 3.13. ci depends only on Q through r/o and Q [eo < — /,;q/2] but for simplicity we do not 
make explicit this dependence, see Section 5.3 for the proof of Proposition 3.12. 

One can ask ourself about the convergence in law of EJ^^ [>C(W„,r^„)] this problem is not an easy 
consequence of our computations and can be by itself an independent work. 

One can notice the specificity of the result 3.16, however easy modifications of our method give the 
following generalization. 

Theorem 3.14. There exists c > such that if 2.2, 2.3 and 2.4 hold, for all 7 > 11, there exists 
Cl = ci(Q,7) and uq such that for all n > uq there exists G'^ C fli with Q [G^] > 1 — cR2{n) and 



(3.20) 



sup { 

a€G' 



u 

keh{n) 



C{k, n) 



n Kl[C{Wn,Tk)] 



> 



1 



(log2 n)2 



< 



Cl logg n 
loggn 



where L(n) = {m„ - l{n),mn - l(n) + 1, • • • ,m„,mn+i, • • • ,m„ + l{n)}, l(n) = log3(n)/i"^g and Ir,^ 
is given Remark 3.2. 

Remark 3.15. We deduce this results from the computations we made to prove Theorem 3.8, the 
point is that, under the hypothesis of Propositions 3.4 and 3.12, we have the following results, for all 
k G L(n) : 



(3.21) 
(3.22) 



Q 



E^ [Ci¥pin),Tk)] > 



log^n 



m fp{n) + 1 



< cRp{n), 



Q [El [>C(Fp(n), Tk)\ > ci(log2 n) log^+i n] < cRp{ 



n) 



However we think that Theorem 3.14 is certainly true for a neighborhood Vn of m„ {¥p{n) C Vn) 
of size larger than (log log ra)" for some a > 0, but it does not seem to be a simple extension of our 
computations. 



The following corollary is a simple consequence of 3.19 and Theorem 3.8 
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Corollary 3.16. There exists c > such if 2.2, 2.3 and 2.4 hold, for all p > 2, j > 11, there 
exists Cl = ci(Q) and uq such that for all n > no there exists ci = C2{Q) > and G'^ C Q,i with 
Q [G'J > 1 - cRp{n) and 



(3.23) 
(3.24) 



inf 

aeG' 



inf < 



n 



2c2 logp+i n 



> 1 



Cl 



loganlogpn' 



aeG'. 



keWp{n) 



'gp+1 n 



> 1 



Cl 



logpn 



All these results show that in addition to be localized the R.W.R.E. is concentrated and the region of 
concentration and localization are extremely linked together. 

In the following subsection we give some simple consequences on the maximum of the local time and 
on the favorite sites of Sinai's walk. 



3.3 Simple consequences on the maximum of the local time and on the favorite 
site of the R.W.R.E. 

Let us introduce the following random variables 

(3.25) C*{n) = max {C{k, n)) , F(n) = {A; G Z, C{k, n) = C*{n)} . 



F(n) is the set of all the favorite sites and C*{n) is the maximum of the local times (for a given instant 
n). The following Corollary is a simple consequence (just inspection) of 3.19, Theorem 3.1 and 3.8. 

Corollary 3.17. There exists c > such if 2.2, 2.3 and 2.4 hold, for all p > 2, and 7 > 11, there 
exists Cl = ci((5,7) f^iT-d no such that for all n > no there exists C2 = C2{Q) > and G'^ C fli with 
Q [G'J > 1 - cRp{n) and 



n 



Cl 



log2 n logp n ' 



Cl 



(3.26) inf <^ PJ? C*(n) > — — ^ S> > 1 

aeG; \ " [ ' ' - 2c2 logp+i n 

(3.27) inf Iwin) C ¥p{n)\ | > 1 , 

aec; I n ' ' 'f'' 'J J logsnlogpn 

To finish we give an interesting application (just inspection) of 3.26, Theorem 3.5 and 3.14 : 

Corollary 3.18. There exists c > such that if 2.2, 2.3 and 2.4 hold, for all 7 > 11, and all strictly 
positive increasing sequences {6{n),n) there exists no and c\ = ci{Q) such that for all n > no there 
exists G'^ C with Q [G'^] > 1 - c(^(n))-V4 and 



C*(n) 



> 



(3-28) sup <^P^ — max .^^,„,„, ^ m r - /, 

recall that G(n) = {m„ — 9{n),mn — 9{n) + 1, • ■ ■ , m„, run+i, • • • , m„ + 9{n)} 
Notice that if we are interested in an annealed result Corollary 3.18 implies : 



< 



cig(n) 
log2 n ' 



(3.29) 



— max 



n 



> 



(log2n)2j - log2n (^(n))V4- 



feee(n) {E^[C{Wn,Tk)] 

The delicate problem of the limit distribution of jC*{n)/n considered by Revesz [1989] can not be 

directly deduced from these results, however they are a good starting point for further investigations 
on this topic. We think that this limit distribution is very linked to the Q limit distribution of the 
random variable EJ^^ [C{Wn,Tmr,)], recall moreover that we have good knowledges on Wn thanks to 
the works of Kesten [1986] and Golosov [1986]. 
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4 Proof of the main results 

First we define what we call a good environment and the set of good environments. 
4.1 Good properties and set of good environments 

Definition 4.1. Let p > 2, 7 > 0, ci > and uj G we will say that a = a{(jj) is a 
environment if there exists no such that for all n > no the sequence (a^, i G Z) = (ai{uj), i G Z) 
satisfies the properties 4.1 to 4.13 

(4.1) • The valley {Mj ,mn, M^} exists, in particular: 

(4.2) Oe[Mn',Mn], 

(4.3) If rUn > 0, Sm„' - max (5^) > 7log2n, 

0<m<mn 

(4.4) if mn < 0, Sm„ - max (Sm) > 7log2n, 

mn<m<0 

(4.5) S'm^ - > log n + 7 log2 n, 

(4.6) - > logn + 7log2n. 

(4.7) . Mn' > {(J-Hognflogpn, M„ < {a-^ \ognf log^n. 

Define M[ and m'l, respectively the maximizer and minimizer obtained by the first left refinement of 
the valley {M^ , rUn, Mn} and in the same way Mi and mi, respectively, the maximizer and minimizer 
obtained by the first right refinement of the valley {Mj ,mn, Mn}. 

(4.8) • Sm[ - S^i^ < log n - 7 log2 n, 

(4.9) Smi - Smi < log n - 7 log2 n. 

Define F+(n) = {nin + 1, • • • , m„ + fp{n)}, F~(n) = {m„ - /p(n), • • • , m„ - 1} where fp{n) is given 
by 3.3 

(4.10) . mm ((3kn-i[Tk>TrnJ)>{gi{n))-\ 

(4.11) ^ min (afcP?+i [T, > T^J) > {gi{n)r\ 

where i?i(n) = exp (^{{Ay/Sa fp{n)f log3(n))^'^^) . 

(4.12) . E°J£(Fp(n),T™J]<cilogp+in. 

(4.13) . [C{¥p{n),TmJ] < 2(%(/p(n) + 1))"^ 

See 3.5 for the definition of Fp(n), and we recall that Fp(n) is the complementary of Fp(n) in W„. 
Define the set of good environments 

(4.14) G'^ = {uj e fti, a(u;) is a good environment} . 

G'^ depends on p, 7, ci and n, however we do not make explicit its p, 7 and ci dependence. 

Proposition 4.2. T/iere exists c > suc/i t/iai if 2.2, 2.3 and 2.4 hold, there exists ci > such that 
for all p >2 and 7 > 0, there exists no = no (7) such that for all n > hq 

(4.15) Q [Cy > 1 - cRpin). 
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Proof. 

The main ideas of the proof is the subject of section 5. ■ 

For completeness, we recall some results of Chung [1967] and Revesz [1989] on inhomogeneous discrete 
time birth and death processes. 

4.2 Basic results on the random walk in a fixed environment 

We will always assume that a is fixed (denoted a G Oi in this work). Let x G Z, assume a < a; < 6, 
the two following lemmata can be found in Chung [1967] (pages 73-76), the proof follows from the 
method of difference equations. 

Lemma 4.3. Recalling 3.9, we have 

E?=a+1 i^i - 5'a) + 1 



(4.16) P° [Ta > n] 

(4.17) [Ta < T,] 



exp {Si - 5a) + 1 ' 
Ei=x+i exp {Si -Sb) + l 



Ei=a+i exp {Si -Sb)+l 
Let Ta A T}, be the minimum between Ta and T^. 
Lemma 4.4. We have 

E5=i ^i^{j^ 



(4.18) K+ATa^n]- , 

/ x — 1 \ x — 1 x — 1 -. 

(4.19) [Ta A n] = E^+1 [Ta A T,] 1 + ^ F{j, a) - ^ ^ -F{j, I), 



j=a+l I l=a+\ 3=1 



where F{j, I) = exp {Sj — Sij . 



Now we give some explicit expressions for the local times that can be found in Revesz [1989] (page 
279) 

Lemma 4.5. Under C{x, Ti, A Ta) is a geometric random variable with parameter 
(4.20) p = a,P2+i [T, < T,] + /?,P°_i [T, < Ta] , 

that is for all / > 0, P^ [>C(a;, T^ A r„) = /] = p'(l - p). 
Lemma 4.6. For all i E we have, if x > i 

a,Pf+i [T, < T,] 



(4.21) Ef[/:(x,r,)] 

if X < i 

(4.22) Ef [£(x,T,)] 



/3a.PS_l [Tx > Ti] ' 

APf-1 [T, < Tj] 
[T, >T,]- 
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4.3 Proof of Theorem 3.1, 3.5 and 3.7 

First we recall the two following elementary results 

Proposition 4.7. There exists c > such that if 2.2, 2.3 and 2.4 hold, for all p>2 and 7 > 2 there 
exists no = uq (7) such that for all n > uq, Q [G'^] > 1 — cRp{n) and for all a G G'^ 



(4.23) 



U {Xm ^ Wn} 



.m=0 



^.2 



21o,a „ ;) 



bp ' 



(log n) 



7-2- 



Proof. 

We use the properties 4.7-4.9 and make computations similar to the ones done by Sinai [1982]. The 
constraint 7 > 2 is here to get a useful result. ■ 

Lemma 4.8. There exists c > such that if 2.2, 2.3 and 2.4 hold, for all p > 2 and 7 > 11, there 
exists no = no (7) such that for all n > uq, Q [G'^] > 1 — cRp{n) and for all a G G'^ 



(4.24) 



n 



< 



2(log n) 



(logn)4j - r?ocr6(logn)T-iO' 



Remark 4.9. The constraint 7 > 11 that appears in the Theorems 3.1, 3.5, 3.8, 3.14 and in their 
Corollaries comes from 4.24. 

Proof. 

Assume m„ > 0, first we remark that 



(4.25) 



n 



(logn)^ 



<p^[T^„>rM;-i]+Pg 



n 



{lognY 



Using 4.7 and 4.8 and making computations similar to the ones done by Sinai [1982] we get that, for 
all 7 > 0, there exists no = no (7) such that for all n > no and a e G!^ 



(4.26) 



cj^(log n) 



Using Markov inequality. Lemma 4.4, the properties 4.8 and 4.7 we obtain for all 7 > 11, n > no and 
aeG' 



(4.27) 



Tm-n, A Tm'-1 > 



n 



< 



(logp n) 



(logn)4j - r/oo-^(logn)')'-io' 



Collecting 4.27, 4.26, and 4.25 ends the proof of the lemma. ■ 
Proof (of Theorem 3.1). 

Let 7 > 11 and p > 2, using Proposition 4.2 we take c > and ni such that for all n > ni, 
Q [G'n] > 1 — cRp(n). Let < p < 2, denote 5n = {fp{'n))~P/'^, to prove Theorem 3.1 we need to give 
an upper bound of the probability Pq \_C (Fp(n), n) > (5„n] where Fp(n) is the complementary of Fp(n) 
in Z. 

First we use Proposition 4.7 to reduce the set Fp(n) : there exists n2 such that for all n > n2 and 



(4.28) 



P^ [C (F;(n),n) > 5nn] < F^ [C (Fp(n),n) > 5„n] + 



2 logp n 
cr^ (log n)i'~^ 
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recall that Fp(n) is the complementary of Fp(n) in Wn- By Lemma 4.8, there exists ns such that for 
all n > na and a G G'^ 



(4.29) [C (Fp(n),n) > <5„n] < 



£(Fp(n),n) >(5„n, < 



n 



(log n) 



2(log n) 



??oo-6(logn)T-io' 



Let us denote A^q = ['^(log n) ^] +1 and 5!^ = 5n—NQ/n. By the Markov property and the homogeneity 
of the Markov chain we get 



(4.30) 



jr{¥p{n),n) > SnU, Tm„ < 



n 



(logra)^_ 



.k=l 



Let j > 2, define the following return times 



inf{A: > Tm^j-i, Xk = m„}, 
+00, if such A; does not exist. 

Tm„,i = Tm„ (see 3.9). 



'^m„,j — 



Since by definition T^^^n > n-, we have 



(4.31) 



.k=l 



< P" 



k=l 



By definition of the local time and the Markov inequality we get 



k=l 



(4.32) 



rrin- fp(n)-l 

si=m„+/p(ra)+l S2=M„' 



Now we use the fact that, by the strong Markov property, the random variables C {s,T^^^i^i — Tmn.i) 
(0 < i < n — 1) are i.i.d., therefore the right hand side of 4.32 is equal to 

(4.33) E^^[£{¥,{n),Tr,,^)]{5'J-\ 

Using the property 4.13, for all n> n\ and all a G 

2 1 



(4.34) 



['C(Fp(n),r^„)] < 



m fp{n) + 1 ' 



recall fp{n) = [(log2nlogpn)^]. Collecting what we did above, we obtain for all n > ni V n2 V ns 
(a V 6 = max(a, 6)) 



(4.35) P^ [£(F^(n),n) >,5„n] < 



1 



21ogpn ^ 2(logpn) 



r]Q {\0g2n\0gp nY5'n a-^(logn)'>' ^ rj^a^ {log n)'~< 
Taking 7 > 11 and choosing no > rai V n2 V ends the proof of the theorem. ■ 

In a similar way, we can prove the following proposition that will be used in the next section 
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Proposition 4.10. There exists c > such that if 2.2, 2.3 and 2.4 hold, for allp>2, < p <1 and 
< ^' < 1, there exists no such that for all n > tiq, Q [G'^] > 1 — cRp{n) and for all a G G'^ 



(4.36) F-^^ [C (F,(n), [C'n]) > [<'] (l - (log^ n(log, n)^-^)-!)] > 1 - ^ (1^^^;^ 



nY 



Proof (of Theorem 3.5 and 3.7). 

First, to prove Theorem 3.5 we use exactly the same method of the proof of Theorem 3.1 but instead 
of using Proposition 3.4 we use Proposition 3.6. Now, to get Theorem 3.7 it is enough to find a point 
X such that C{[x — 9{n),x + 6{n)],n) > n/2 in probabihty, so choosing x = rUn and using Theorem 
3.5 we get the result. ■ 



4.4 Proof of Theorem 3.8 

Let p > 2, 7 > 11 in all this proof we take c > 0, ci and ni = ni (7) such that for all n > ni, 
Q [G'J > 1 - cRp{n). Let < p < 1, denote i/„ = (logs n)-i(logp n)"", xi = [C{¥p{n),T,r^J] and 
X2 = -^"in)] ' by definition we have 



(4.37) 



E'^JCiWn,TrnJ]=Xi+X2. 



Notice that rn„ G Fp(n) so xi > 1. Moreover the property 4.13 implies that for all a G X2 < 
2(7]()(fp(n) + 1))^"*^. Wc have (xi + X2)~^ = {xi)~^ — X2{xi{xi + xs))^^ and one can choose n2 such 
that for all n > n2, X2(xi(xi + X2))~^ < fn/2. Therefore, for all n > ni V n2 and all a G G^, we get 



(4.38) 







£{mn,n) 



1 



n xi + X2 

We are left to estimate the right hand side of 4.38, we have 

C{mn,n) 1 



C{mn,n) _ J_ 

Xl 



n 



> 



(4.39) 







< ¥^ [jCinin, n) < nrii] + [£(m„, n) > nr/2] 



n x\ 

where r/i = r]x{p) = (xi)"^ - f„/2, 772 = m{p) = + t'n/S. 

We give an estimate for each terms in the right hand side of 4.39 in the following proposition. 
Proposition 4.11. There exists n[ such that for all n > n[ and a G 

4 1 



(4.40) 
(4.41) 



F^[£{mn,n) <riin] < 
¥^[jC{mn,n)>r]2n] < 



770 log2 n(logp n)P ' 



?7gcr<5(logn) 



1 ■ 

2 



Proof. 

We will only prove 4.40, the proof of 4.41 is easier, one can check it with a similar method. By Lemma 
4.8, there exists 712 such that for all n > n2 and a e G!^ 

2(logp(n))3 



(4.42) F^[Cimn,n) <r]in]<F^ 



C {nin, n) < r/in, T^^ < 



n 



(logn)^ 



+ 



7700-6 (log n)T-io' 



Using the strong Markov property and the fact that Ixj=m„ = 1 we get that 



(4.43) 



71/ 

C (mn, n) < r)in, Tm„ < ^ Pm„ ("in, (1 - Cn)n) < r)in 



16 



where = ^o/n, with Nq = [n(logn) ^] + 1. Using Proposition 4.10 with ^' = 1 — ^n-> there exists 
na such that for all n> and all a G 



[/:(m„,(l-Cn)n) <r?in] 



(4.44)< [£ (m„, (1 - Cn)n) < r?in, >C(Fp(n), (1 - Cn)n) > (1 - (5;;)(1 - Cn)n] + 

where 5^ = (log2 ralogp_,.i)~^. Let us denote r/^ = — (5n)(l ~ Cn))"^, we have 



(log2 n){\og n)P' 



(4.45) 



£ (mn, n(l - Cn)) < and 
£(Fp(n),n(l - Cn)) > (1 - '5^)(1 - Cn)n. 



/: (m„, n(l - Cn)) < Vi'C(Fp(n), n(l - Cn)), 



therefore 



(4.46) 



\^ [C (m„,n(l - Cn)) < r?in, /:(Fp(n), (1 - Cn)n) > (1 - 5';,){l - Cn)n] 
< [/: (m„, n(l - Cn)) < vWp{n), (1 - Cn)n)] • 



To estimate the right hand side of 4.46, first we prove the following lemma 

Lemma 4.12. For aZZ < ^ < 1 there exists > ni such that for all n > and a G 



m„ 



jC {nin, ^n) > 



n 



(logn)''' 



> 1 



16(logpn)3 
tiqU^ {log n)2^ 



Proof. 

Let us define the two points M< G [-M„', m„] and M> G [m^, M„] by 



(4.47) 
(4.48) 



M< = sup [t, 0>t> M,', St - Srn„ > log n - (6 + 1/2) log2 n} , 
M> = inf < t < M„, St- Smr, > logn - (6 + 1/2) logs "} • 



Using 2.4, 4.5 and 4.6 it is easy to show that for all n> n\ and all a G these two points exist. 
By the Markov inequality and using 4.19, we obtain that 

P°„ [Tm^-i a Tm>+i > H < |M< - M>|3 exp [(5m< - J V (5m> - 5™J] (^n)-^ 

Using 4.47 and 4.48 and the property 4.7 we get that for all n > ni and all a G G^ 

8(logpn)3 



P^JTm<-i ATm^+i >Cn] < 



77§(T6(logn)2^ 



Therefore, for all n> n\ and all a G G^ 



(4.49) P" 



n 



(logn)' _ 



> 



i2 (m„, Tm^-i a rM>+i) > 



n 



8(log n) 



(logn) 7 J ,y2^6(log„)i^' 



By Lemma 4.5 



(4.50) 



run 



£ {rUn, 2m<-i a Tm-^+i) > 



n 



(log ny 



(1 - am^¥^^+, [Tm„ > Tm>+i] - /3m„P^„-l [Tn.^ > rM<-l]) 
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Using 4.16, 4.17 and the definition of M> and M< we liave 



(4.51) l-a^„Pj^^+i[r„„>rM>]-/3„.„P^^,_i[r^„>TM<] > 1 



(logn) 



6+i 



n 



Now replacing 4.51 in 4.50 and noticing that (1 — x)"* > 1 — mx for all < x < 1 and m > 1 we have 

1 



(4.52) 



C {mn,TM< A Tm>) > 



n 



(log n) 



> 1 



(log n)^/2 ' 



inserting 4.52 in 4.49 we get the lemma. ■ 

Coming back to 4.46, using Lemma 4.12 with ^ = I — Cn, for all n > n4 and all a G 



■ rrir 



[C (m„, nil - C„)) < v'l^^pin), (1 - Cn)n)] 
C{mn,n{l -Cn)) < ??i'C(Fp(n),(l -Cn)«), >C(m„,n(l - Cn)) > 
16(log^n)3 



n 



(log ny_ 



(4.53) + - 

77^0-6 (log ^)2(1 - („) 

Let us denote A^i = [n(logn)~''] + 1, we have 



m-n 



L {rUn, n(l - Cn)) < 7?i>C(Fp(n), (1 - Cn)n), L {rUn, n(l - Cn)) > 



n 



(log ny _ 



(4.54) < 



■ rrin 



l=Ni 



£(Fp(n), r^„,,+i) > 



recall Tm„,i+i = inf {A; > Tm„,i, Xk = rrin} for alH > 1 and T^^^i = Tm„ (see 3.9). 

To estimate the probability in 4.54 we want to use exponential Markov inequality. We need the 

following lemma which is easy to prove by elementary computations. 

Lemma 4.13. Let {pn,n & N) be a positive decreasing sequence such that lim„_>_|_oo Pn(log2 ra)^ = 0, 
there exists > ni such that for all n > n^ and all a G 

\ -xi- pn> {vnxl)/^ > 0. 
^1 

where r][ is defined just before 4-45} o,i^d Vji just before 4-37. 
Coming back to 4.54, we have 



a 

rrin 



(4.55) 



E 

n 



l=Ni 



'h 



£{¥p{n), T^„,i+i) -{1 + l)xi > q _ - XI ( 1 + 



Using Lemma 4.13, with p„ = = [„/(iog^„)- 7 ] and property 4.12, for all n > and a e G'^ 
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So for all n > and all a G G'^ we use the exponential Markov inequality to estimate the probability 
in the right hand side of 4.55. Let A > for all n > and all a G 



TUr, 



£(Fp(n), Tm„,i+i) -{1 + l)xi > Z (^1 - XI (^1 + i-) ) 
(4.56) < [exp {A iC{¥p{n), T^„, i+i) - {I + l)xi)}] exp -\l 

By the strong Markov property we have 



1 



xi 1 + 



(4.57) 



„ [exp {A (£(Fp(n), T„,„,i+i) - (/ + l)a;i)}] 
= (E^Jexp{A(/:(Fp(n), T^J - xi)}])^+\ 



To estimate the laplace transform on the right hand side of 4.57 we use Holder inequality and the 
results of M. Csorgo L. Horvath and P. Revesz (see Revesz [1989] pages 279-280) : choosing 



(4.58) 
where 



A = 



(u+ A u. 



-\2 



(|F,-(n)| + |F+(n)|)3' 



u, 



+ 



= min (/3,P^i [T, > r^J) , 

?6F+(n) 

= min [T, > T^J) , 

?eFj, (n) 



Fp (n) and F+(n) have been defined just before 4.10 and a A 6 = min(a, 6), we get 



(4.59) E^Jexp{A(/:(Fp(n),r^J-E;^,J/:(Fp(n),r^J])}] < exp 

Now using 4.56, for all n > ns all a G G'^ and all I > Ni 



2A 



|F,(n)|, 



HOC 

■ m„ 



1 



1 



(4.60) 



< exp 



C{¥p{n), Trn„,i) -{1 + l)xi >l[--xii^l + — 



\¥,{n)\J N^ 



- ( ^1 + 



Inserting 4.60 in 4.55 and using 4.54, we deduce that for all n > and a G G'^ 



C{mn,n{l - Cn)) < ??i>C(Fp(n), (1 - Cn)n), /:(m„,n(l - Cn)) > 



n 



(log ny 



(4.61) < 



exp 


-A^iA ( 




^^1+ |Mn)|) 


(1 + 1/iVi))^ 


1 — exp 


-A 




(^1 + |Fp(n)|) 


+ 



Using Lemma 4.13 with pn = xi/Ni + (2/|Fp(n)|) (1 + 1/A^i) we have for all n> and all a G 



(4.62) 



fix 



|Fp(n) 



(1 + 1/iVi) > (z/„x?)/4. 
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Using 4.62 and 4.61 we obtain, after an easy computation, that for all n > and all a G G'^ 



C{mn,n{l -Cn)) < ??i'C(Fp(n),(l -Cn)n), C{mn,n{l - Cn)) > 



n 



(4.63) 



< 



8exp {-{NiXiynxl)/4) 



(logn)7_ 



Now we need a lower and upper bound for A, using 4.58 and the properties 4.10 and 4.11 we deduce 
that for all n> n\ and all a G we have 

1 2 

(4-64) , -t: < a < -TT, 

[91 [n)y (}og2 n logp n)^ (logs " log^ n)^ 

with gi{n) = exp [((4-\/3(7/p(n))^ log3(n))^/^] . We deduce that there exists uq > such that for all 
n> HQ and all a G 



(4.65) P^, 



C {nin, n(l - Cn)) < Vi^^p{n), (1 - Cn)n), C (m^, n(l - Cn)) > 



n 



(log nY 

Collecting 4.65, 4.53, 4.46, 4.44, 4.42 and taking p = 2, n[ = ^2 V na V 77.4 V we get 4.40. 
4.5 Proof of Theorem 3.14 

Clearly the probability in 3.28 is bounded from above by : 

C{k,n) 1 



< exp(-n^/^) 



|L(n)| max 

ifceL(n) 



> 



(log2 n)i+P. 



n E<^[jr{Wn,Tk)] 

We are left to give an upper bound of the probability into the bracket, uniformly in fc G Fp(n). Since 

the method we use is exactly the same as the one of the proof of Theorem 3.1, we only sketch it. First 
replace all the m„ by k except in "Fp(n)", "F+(n)", "F-(n)" and "W„" that do not change. This will 
change of course the definitions of xi, X2 and A. 

Then the modifications needed are only based on the following fact, let k G Fp(n) and / G W„, / 7^ k, 
with Q probability 1 we have 



exp{Si - Sk) = exp{Sk - SmJ ew{Si - Sm„) 



(4.66) 



< 



log 



1 - r?o 
Vo 



\k-m„\ 



exp{Si - Sm„) < (log2 n) exp(5'z - S„ 



As we will see in section 5.5, it is from 4.66 and 4.13 (respectively 4.12) that we get 3.21 (respectively 
3.22). 

The main steps of the proof of Theorem 3.8 have to be modified as follow : 

First remark that, using 3.21, 4.38 remains true. In Proposition 4.11, 4.40 become : 

4 1 

P? [C(k,n) < r/m] < — -. 

Notice that, comparing with 4.40 the log2 n disappears, this comes from the fact that we use 3.21 
(instead of 3.10) to prove the equivalent of 4.36 (replacing P^^ by P^). Moreover it is important to 
notice that Lemma 4.13 remains true and A still verify 4.64. 
Moreover 4.41 became 

32(logpn)^log2n 



P^ [Cik, n) > mn] < 



since we use 4.66 for the proof of the equivalent of Lemma 4.12 (replacing, as always, mn by k). 
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5 Proof of the good properties for the environment 



Here we give the main ideas for the proof of Propositions 3.4, 3.6, 3.11, 3.12 and Proposition 4.2. 
This section is organized as follow : in section 5.1 we recall elementary results on sums of independent 
random variables, in section 5.2 we prove Lemma 2.7 and give standard results on the basic valley, 
in section 5.3 (respectively 5.4) we give some details of the proof of Proposition 3.12 (respectively 
Proposition 3.4). Collecting the results of Section 5.2, Lemma 2.7, Propositions 3.4 and 3.12 we get 
Proposition 4.2. In Section 5.5 we sketch the proof of 3.21 and 3.22. In all this section we assume 
that the parameter 7 (see Definition 2.6 ) is strictly positive. 

5.1 ElementEiry results 

We will always work on the right hand side of the origin, that means with {Sm, m G N), by symmetry 
we obtain the same result for m G Z_. 

We introduce the following stopping times, for a > 0, 
(5 1) V+ = V+(S- 7 G N) = I ^ - 

(5.2) V- = V-{Sj,jeN) = !^ 



+00, if such a m does not exist. 
inf{m e N*, Sm < -a}, 



+00, if such a m does not exist. 
The following lemma is an immediate consequence of the Wald equality (see Neveu [1972]) 
Lemma 5.1. Assume 2.2, 2.3 and 2.4, let a > 0, d > we have 

d + Ir, 



(5.4) QK>Vf]< 



d + a + Ir^Q 



recall I^g = log((l - r]o){m) ^)- 

The following lemma is easy to prove when the = ±1 with a probability 1/2 and is a simple extension 
in our more general case 

Lemma 5.2. Assume 2.2, 2.3 and 2.4 hold, there exists cq = Co(Q) > and uq = uq (Q) such that 
for all n > riQ 

Co 



(5.5) QK>rin)]< 

\/r[n) 

{r{n),n) is a strictly positive increasing sequence. 

5.2 Standard results on the basic valley {Mn,mn, M^'} 

First let us give the main ideas of the proof of Lemma 2.7 
Proof (of Lemma 2.7). 

To prove that {M!^, m„, M„} 7^ in probability, it is enough to find a valley {M', m, M} that satisfies 
the three properties of Definition 2.6. It is easy to show that {M' = V^,m = m, M = V^^} with 

Fjt = sup{A; <Q, Sk> r„} and m = inf i > 0, Sk — minry+ <^<y+ 1 Sm f satisfies these properties 
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in probability. Indeed by definition {V^^,m,V^^} satisfies tlie two first properties of Definition 2.6. 
For the third one, assume for simplicity that m > 0, by definition of and hypothesis 2.4 we have 
Tn < Sy+ < r„ + with probability 1. So we are left to prove that there exists cq > and 

no = no{Q) such that for all n> no 



Q 



r„ 0<«m 



Q 



Tn - 7 log2 n < max_ (St) < r„ + /, 



0<t<m 



VO 



(5.6) 



< 



Co7 log2 w 
logn 



To get this upper bound we make the following remark, the event {Tn — 7log2n < msLKo<t<m (St) 
< r„ + } asks to the walk to reach a point larger than r„ — 7 log2 n and then to touch a point 
Sm ^ before a point larger or equal to r„ + 7^^,) . So the probability on the right hand side of 5.6 
can be bounded from above by a constant times the probability (3r„-7iog2n [Vq' < ^r„+/^g] (where 
Qy[- • • ] = Q[- • • l^o = y]) which gives 5.6 by Lemma 5.1. For more details of this computation see for 
example Andreoletti [2003] pages 56-58. ■ 

Lemma 5.3. There exists c > such that if 2.2, 2.3 and 2.4 hold, for all p > 2 there exists no 
II,: (7^p, (7, Eq [|eoP] ) such that for all n > no 

(5.7) Q [Mn < {a-^ log nf log^ n, > -{a'^ log nf log^ n] > 1 - cR^{n), 

(5.8) Q[Mn>mn + fp{n)]>l-cRp{n), 

(5.9) Q Smi - Smi < logn - 7log2 n, Sm[ - Sm[ < logn - 7log2 n >l-cRp(n). 

See just before 4-8 for the definitions of Mi, mi, M[ and m'l, fp{n) is given by 3.3. 
Proof. 

The proof of this lemma is easy and is omitted. ■ 

Lemma 5.4. There exists c > such that if 2.2, 2.3 and 2.4 hold, for allp > 2 there exists no = no{Q) 
such that for all n > no 



(5.10) 



Q 
Q 



min (Pkn-i 

min (akFt+i 
fceFp(n) ^ 



rpk — 1 ^ rpk — 1 



> 



rpk-\-l rji, 

^k ^ -^m„ 



fe+1 



exp 



1 /2 

((2^/30" /p(n))^ log3(n)) , recall that F~(n) and F+(n) have been defined just 



) 



< 



, mn> 



< cRp{n), 

< cRp{n), 



with gi{n) 
before 4-10 . 

Proof. 

The proof is omitted it makes use of Lemma 5.8 and elementary facts on sums of i.i.d. random 
variables. ■ 



5.3 Proof of Proposition 3.6, 3.9, 3.11 and 3.12 
5.3.1 Preliminaries 

By linearity of the expectation we have : 

M„ m„—l 

(5.11) E^^ [C{Wn, TmJ] ^ Yl ^-n i^U^ TmJ] + Yl lEJ^n [-^O' TmJ] + 1, 

j=m„+l 3=M^ 
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so using 4.3 we get Proposition 3.9. Now using Lemma 4.3 and hypothesis 2.4 we easily get the 
following lemma 



Lemma 5.5. Assume 2.4, for all Mj < k < Mn, k 7^ 

Vo 1 



(5.12) 



<E-[jr{k,Trr,J]< 



1 1 

770 e^k~^"^ri 



1 — r/o e^''^^" 
with a Q probability equal to one. 

Proposition 3.11 is a trivial consequence of Lemma 5.5 and 5.11. The following lemma is easy to prove 



Lemma 5.6. For all a G f^i and n > 3, with a Q probability equal to one we have 

pSj—Smn eO-H—l) 



m„ — 1 ^ Nn+l ^ m„ — 1 

where a = Nn = [(r„+7^p)/a], recall that Ij^^ = log((l — r7o)(?7o)~'^) andl is the indicator function. 



Using Proposition 3.11 and Lemma 5.6, we have for all n > 3 



Nn + l 



(5.15) EQ[E^JC{Wn,T,nJ]]<l + E ;^Eq 



1=1 



l53-5^„e[o(i-l),ai[ 

i=m-n+l 



+ E ^^^^ 

i=l 



rn„~l 



S'j-5m„e[a(i-l),ai[ 



The next step for the proof of Proposition 3.12 is to show that the two expectations Eq[...] on the right 
hand side of 5.15 are bounded by a constant depending only on the distribution Q times a polynomial 
in i. This result is given by Lemma 5.9. 

5.3.2 Proof of Proposition 3.12 

Remark 5.7. We give some details of the proof of Proposition 5.11 mainly because it is based on 
a very nice cancellation that occurs between two r„ = log n + 7 log2 n, see formulas 5.23 and 5.24. 
Similar cancellation is already present in Kesten [1986]. 

Let us define the following stopping times, let z > 1 : 

Uq = 0, 

ui = Vq = inf{m > 0, < 0}, 
Ui = inf{m > Ui-i, Sm < 5'ni_i}- 



The following lemma give a way to characterize the point m„, it is inspired by the work of Kesten 
[1986] and is just inspection 
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Lemma 5.8. Let n > 3 and 7 > 0, recall = logn + 7log2n, assume nin > 0, for all I G W we 
have 



(5.16) 



rUn = Ul 



' nto {max„^<i<«i+i(5'i) - S^. < T^} and 
max„,<j<„,^^(5i) - > r„ and 
Mn = V+ , 



where 

(5.17) V+ = V+ {Sj,j > 1) = inf {m>ui, Sm- > z) . 

A similar characterization of m„ if m„ < can be done (the case m„ = is trivial). 

Lemma 5.9. There exits Cq = Co{Q) such that for all i > 1 and all n : 

M„ 



(5.18) 
(5.19) 



•Q 



^Sj-Sm„ela{i-l),ail 

j=m„+l 



< Co X i , 



m„-l 



ISj-5^„e[a(i-l),oi[ 



< Co X i . 



Proof. 

We will only prove 5.18, we get 5.19 symmetrically moreover we assume that m„ > 0, computations 
are similar for the case m„ < 0. Thinking on the basic definition of the expectation, we need an upper 
bound for the probability : 



Q 



M„ 



XI ^Sj-Smr,e[a{i-l),ai[ = k. 
j=m„+l 



First we make a partition over the values of and then we use Lemma 5.8, we get : 



Q 



M„ 



^Sj~Sm„e[a(i-l),ai[ 

j=m„+l 



= k. 



(5.20) 
where 



l>0 



i>0 



XI Is,-Sm„e[a(j-l),aj[ = k, mn = Ui 
j=m„+l 



At, max (Sj) - Sui >Tn,Ai 



rn,i 



•^t = X hSj~Suie[a{i-l),ai[} = ^' 

S=U( + 1 

A" = n <^ max (Sr) - Su, <Tn> , 

' l"r<J<"r+l I 

r=0 ^ ^ 



for all Z > 0. By the strong Markov property we have : 



(5.21) Q 



At 1 max iSj) - Sui > Tn, A, 



< Q [At, V > ^rt] Q [A1 
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The strong Markov property gives also that the sequence (max„^<j<„^_^^(5'r.) — Su^ < r„,r > 1) is 
independent and identically distributed, therefore : 

(5.22) Q [A"] <(Q[^o"<^rt ])'"'• 

We notice that Q [Aq, > V^^] does not depend on I, therefore, using 5.20, 5.21 and 5.22 we get : 



(5.23) Q 



Mn 



j=m„+l 



Sj-S'm„G[a(i-l),aj[ 



< (1 + (Q [^o" > ^rt] )~')Q Vo' > 



To get an upper bound for Q [Aq, Vq > l^] , first we introduce the following sequence of stopping 
times, let s > : 

Hiafi = 0, 

Hia^s = inf{m > Hia^^, Sm G [(i - l)a,ia[}. 
Making a partition over the values of Hia^k, by the Markov property we get: 
Q [At, Vq- > Fp+J 

w ini{l>w,Si>r„} 

Hia,k = w,Syje dx, fl {5, > 0}, fl {Ss > 0} 

s=0 s=w+l 

(5.24) < Q [H,a,k < Vq-] max {Q, [V+^_^ < V-] } ^ Q [H^a^k < V^] Q,a [V^rt-ia < ^ia] 

To finish we need an upper bound for Q [iJia,fc < we do not want to give details of the computa- 
tions for this because it is not difficult, however the reader can find these details in Andreoletti [2003] 
pages 142-145. We have for alH > 1: 



< E/ Q 



(5.25) g < Vq \ < Q [Vq- > F+_i)a 

(5.26) Q [Ha,k < Vq-] < Q [eo > 0] ( 1 - g 



1-g 



€0 < 



Co < - 



g 



(i-l)a-^ 



fc-1 



fc-1 



So using 5.23, 5.24-5.26, and Lemma 5.1 one can find a constant cq that depends only on the distri- 
bution g such that for alH > : 



•Q 



Mn 



E ^Sj~Sm„e[a(i~l),ai[ 
j=m„+\ 



- inf 



k=l 



j=m„+l 



Sj -Smn e [a(i- 1) ,ai[ 



< Cq X i , 



which provide 5.18 ■ 

5.3.3 Proof of Proposition 3.6 

To show Proposition 3.6 we use the same method previously used to prove Proposition 3.12, the key 
point is to show the following Lemma : 
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Lemma 5.10. There exits a constant cq = co(Q) such that for all strictly positive increasing sequences 
{9{n),n), i>l and all n : 



(5.27) 



(5.28) 



Eg 



l5j-Sm„e[a(j-l),aj[ 

j=mn+0{n) 



< 



Co X I 



m„—d{n) 



5j-5m„e[a(i-l),oi[ 



,•2 



< 



Co X z 



We will not give the details of this proof because it is very similar to the proof of Lemma 3.4. Just 
notice that ■\/9(jij comes from the fact that the probability Q Cfs^iiSg > 0} = Q[Vo > 9{n)] appears 

when we give an upper bound of Q E^m„+6>(n) ^S^-5^„e[a(i-i),ai[ = k . This comes from the fact 

0(n) 

that the event Cli^i {Sm^+i — Sm„ > 0} is hidden in the Definition of m„. A last remark, the upper 
bound we get here is good for sequences {9{n),n) that grow very slowly. In the next section we use 
another method more powerful for sequences that grow more rapidly. 



5.4 Proof of Proposition 3.4 
5.4.1 Preliminaries 

It is here that the explicit form of fp{n) given by 3.3 will become clear. Using 5.11 and Lemma 5.5 
we need only to find an upper bound for 



(5.29) 



Mn ^ m„-fp{n)-l ^ 

(>Sl—Smn pSl — l 



l=M' 



l=mn+fp{n)+l 

Assume for the moment that 

(5.30) Sk - Sm„ > 2log{\k - m„|), Vfc G {M,/, • • • ,mn- fp{n), rUn + fp{n), ■ ■ ■ ,M„'}, 

with a Q probability larger than 1 — cRp{n) with c > 0. Then for all k G {Mj , ■ ■ ■ , rUn — fp{n), m„ + 
/p(n), • • • , Mn}, we have 

1 1 

< 



{k - rUnY 



This implies the convergence of the two partial sums in 5.29 and therefore with a Q probability close 
to 1 




% fp{n) + 1 ' 

this entails 3.10. 5.30 is a consequence of Propositions 5.11 proved in the following section. 
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5.4.2 Study of the potential {Sm, m G Z) in Fp(n) 
We will assume m„ > 0, the case m„ < is similar. 

Proposition 5.11. There exists c > Osuch that if 2.2, 2.3 and 2.4 hold, for all p > 2 there exists 
Co = co{Q) and uq = uq^Q) such that for all n > uq 



(5.31) Q 



(5.32) Q 



U {^k -Sm„<2 \og{k - m„)} , mn > 

k=mn+fp{n) 

m„+fp(n) 

IJ {Sk - Smr, < 2 log(m„ -k)}, mn>0 



k=M, 



< cRp{n) + 
< cRp{n) + 



Co 



logpn' 
Co 



logpn 



Proof (of Proposition 5.11). 

We will only prove 5.31 we get 5.32 with the same arguments. Let n > 3, we denote L{n) = 
{a~^ logn)^ logpn and [L{n)] the integer part of [i^(n)]. By 5.7 and 5.8, there exists ni = ni (/^(j,(T, Eq [|eoP]) 
such that for all n> n\ 



(5.33) 
where 



Q 



(J {Sk - < 2 log(/c - nin)} , m„ > 

k=mn+U(n) 



< cRp{n) + Q[A], 



> . 



IJ {Sk -Smr,<2 \og{k - m„)} , m„ + fp{n) < M„ < L(n) 

^k=mn+fp{n) 

Using the same method details for the Proof of Lemma 5.9 (from line 5.20 to 5.23), we get : 

(5.34) Q [A] <{1 + {Q [V,- > V+J )-i)g [A^] 

where 



U {Sj<2log{j)}, fp{n)<V+^<L{ 
i=/p(") 



n) 



Let us denote C„ = Uj=/ („) {^3 — ^logj}, to estimate Q [Aq] we make a partition over the values of 



(5.35) 
(5.36) 



Q [At] 

Q [Cn, > Frt, fp{n) < V„ < Hn), 5/^(n) < 21og/p(n)] + 
Q [Cn, > Frt' /p(^) < ^rt ^ ^(^)' ^/pW > 21og/p(n)] . 



First let us estimate 5.35, we remark that {V^ > Vjt^, fp{n) < Vjt < L{n)} Sf^(^n) ^ 0) so by the 
Markov property 

Q [Cn, V^- > V+^, fp{n) < y+ < L{n), Sf^^^) < 21og/p(n)] 

/•21og/p(n) 

/ Q [Vo' > V+^, fp{n) < < Lin), G dy] 

Jo 



< 



(5.37) 



i 



21og/p(n) 



Q 



n {Sk>0}, Sf^^^^edy 



k=l 



Qy 
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where Qy[.] = Q[.\So = y]. Since Qy 
of 5.37 is bounded by 



is increasing en y, the term in the right hand side 



^0 > ^r„-21og(/p(n)) 



Q21og/p(n) 

(5.38) = Q [Fq- > /p(n)] g2iog/,(n) 



21og/p(ra) 



Q 



n {Sk > 0} , G dy 

k=l 



^0 > ^rt-21og/p(n) 



To estimate 5.36, let us define the stopping time Ufj,{n) = inf {m > fp{n), Sm < logm}. We remark 
that 



Defining 



we have 



M{1) = [Cn, > V+^, fp{n) < Frt, ^/,(n) > 21og/p(n), C/;^(„) = Z} , 



[L(n)] 

(5.39) Q [C„, V > y^;, /p(n) < y+, 5^^(„) > 21og/p(n)] = ^ Q [^'(0] • 

l=fp{n) 

Since by hypothesis Q [—Ij^q < eo < i,jo] = 1, we have Uf^(n) = ^ =^ log^ ~ ^vo ^ -S"/ < log/ Q.a.s., so 

[L(n)] 
i=/p(n) 

= E / ^ ^o" > ^rt'/fH < ^rt' -^/pH > 21og/p(n),P,J . 



with = |nj=/p(n) {'S'j < log j} , Si e o?y|. By the Markov property, we get 



[Lin)] lL{n)] j^g^ 

J2 Q[A'{l)] < E / Qy 

l=fp{n) /=f„fnl"^'°S'--fTO 



l=fp{n) 



> 



.5/,H>21og/p(n), n{^i>0}' ^i,y 

j=0 



Using that Qy 



^0 > Vrl-y 



is increasing in y, we obtain 



[L(n)] [L(n)] 
l=fp(n) l=fp{n) 



Aogl 

/ Q 

-/log /-/,,(, 

< Qlog([L(n)]) \Vo > 1^rt_iog([L(n)])J E <3 

l=fp{n) 



f|{5i>0},P^ 

,i=l 

n {'5^>0}, C//,(n)=/ 
«=1 



(5.40) 



Qlog([L(n)]) 



^0 > ^rt-log([L(n)]) 



] Q [V^ > fp{n)] . 
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Using 5.40, 5.39, 5.38 and 5.37 we get 



(5.41) < Q[y->/^(n)] (Q2iog/,(n 



^0 > '^rt-21og/p(n) 



+ Qlog([L(n)]) 



^0 > "^\.-log([L{n)]) 



Now using Lemmata 5.1 and 5.2, there exists n2 = n2 (Q) and cq = co{Q) > such that for aU n > n2 



(5.42) g[A+]< 



n 



^n^/^(^ 

Using 5.42, 5.34, once again Lemma 5.1, 5.33 and finally taking Wq = ni V n2 ends the proof of 5.31. 



5.5 Proof of 3.21 and 3.22 

For 3.21, we use the fact that Lemma 5.5 remains true if we replace m„ by some I G Fp(n). Then we 
use 4.66 and finally we follow the method used in section 5.4. 3.22 is obtained in a similar way. 
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